
 

 
 

   
eISSN 3107-099X Data Engineering and Applications Vol.2, No.2, 2023 

 

 
SchNet-AL: Data-Driven Atomistic Representation and Uncertainty-Calibrated 
Active Learning for Sodium-Ion Cathode Screening 
 
Zorana Mladenović1, * and Danka Cvetković1 

1 Faculty of Computational Chemical Engineering, Union University, Belgrade, 11000, Serbia 
*Corresponding author: zorana.ml@union.edu.rs 
 

Abstract. The search space for sodium-ion battery cathodes has been made relatively large by chemistry, but it is still too 
expensive to test with density-functional theory. This paper introduces a SchNet-active learning framework that combines 
continuous-filter atomistic representation learning with calibrated ensemble uncertainty and diversity-aware batch 
acquisition. A curated pool of 18,240 relaxed and partially relaxed inorganic structures was screened for formation energy, 
average sodium extraction voltage, theoretical capacity and diffusion-barrier proxy. Start with 1,200 labelled structures and 
add 300 calculations each time in five acquisition rounds. The proposed strategy reduced the energy mean absolute error 
from 92 to 31 meV atom⁻¹ and the voltage error from 0.284 to 0.118 V, and random acquisition needed 61% more labels to 
achieve the same energy accuracy. With a fixed budget of 2,700 labelled structures, 86.7% of the retrospectively verified 
top-60 candidates could be recovered. Multi-objective filtering found 47 candidates with stability below 45 meV atom⁻¹ 
above the convex hull, voltage between 2.8 and 4.1 V, capacity over 120 mAh g⁻¹, and a diffusion proxy below 0.55 eV. The 
full workflow reduces the projected screening time by 8.4 times compared with an all-first-principles calculation. Therefore, 
uncertainly-calibrated atomistic learning can focus the cost of calculation on chemically informative candidates without 
reducing screening coverage. 
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Introduction 
Large-scale electrification has made the cost, supply security and environmental impact of electrochemical 
storage intertwined engineering issues. Sodium-ion batteries are promising for stationary power supply due to 
abundant sodium resources and compatibility with existing manufacturing processes for rocking-chair cells [1]. 
However, their actual competitiveness depends significantly on the cathode, and the energy density and cycling 
stability are determined by composition, crystal framework, redox chemistry and defect response [2]. Layered 
transition-metal oxides have a high voltage but can undergo phase reconstruction during sodium extraction [3]. 
Polyanionic compounds have structural and thermal stability but are not highly gravimetric [4]. Prussian-blue 
analogues have open diffusion channels but are sensitive to water and vacancy content [5]. Organic and 
disordered hosts further expand the chemical design space, but their structure-performance relationships have 
not yet been standardized [6]. These families create a combined space, and small substitutions or order changes 
can affect all of them simultaneously. 

First-principles calculations provide formation energies, redox potentials, migration barriers and other electronic 
descriptors of unsynthesised materials. Therefore, high-throughput workflows have begun to narrow the space 
for inorganic materials [7]. However, a traditional campaign still invests most of its funds in candidates who are 
unstable, redundant or clearly outside the target voltage range. Graph neural networks can reduce this cost by 
learning local chemical environments from atomistic structures [8]. Message-passing models have achieved 
good accuracy in crystalline formation energies [9], and rotationally invariant continuous-filter networks are 
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particularly suitable when interatomic distances carry the central signal [10]. However, the predictions are not 
reliable in sparsely sampled chemistries; a low average test error does not guarantee trustworthy ranking at the 
edge of the training distribution [11]. Uncertainty estimation is therefore required to determine which new 
quantum-mechanical calculations should be purchased by a surrogate [12]. 

The other is not merely a predictive error. The screening system has a limited labelling budget, must ensure 
chemical coverage, calibrate risk, and convert some predicted properties into an auditable shortlist. This paper 
fills the above deficiency with a SchNet-active learning model for sodium-ion cathodes. The model is an 
ensemble of continuous-filter networks, uses a heteroscedastic objective, and employs a batch acquisition rule 
to balance epistemic uncertainty, expected multi-objective utility, and latent-space diversity. A physics-informed 
feasibility layer avoids selecting predictions that are too appealing but unrealistic. The indices for evaluation 
include label efficiency, calibration, ranking recall, chemistry transfer and projected computational cost. The 
resulting framework serves as an engineering decision pipeline and is not an independent property regressor. 

Related Work 

Data-Driven Cathode Screening 

Most computational screening studies first address thermodynamic stability and then add electrochemical 
constraints. Convex-hull distance is commonly used to rule out structures that are unlikely to remain in 
equilibrium [13]. The average intercalation potential can be obtained from the energy difference between the 
sodium and desodium ends, while the theoretical capacity is derived by dividing the transferable sodium content 
by its formula mass [14]. Migration barriers are more costly as they require path sampling, so learned or 
geometry-based proxies are often used in the early triage stage [15]. The above sequential Design is clear; 
however, it can amplify numerical errors close to a boundary with a hard threshold, and exhaustive calculations 
are inefficient when many substitutions, vacancy patterns and polymorphs need to be considered 
simultaneously. 

Materials databases and automated workflows have made supervised crystal-property learning feasible, but 
cathode data are still heterogeneous. Relaxation protocols, magnetic initialization, exchange-related settings, 
and oxidation state assumptions can introduce label shifts as severe as the performance differences among 
candidates. Models trained on general inorganic compounds also have an overrepresentation of dense 
equilibrium structures and an underrepresentation of partially deintercalated or metastable frameworks. 
Therefore, a screening model should be able to distinguish between interpolation within a well-covered family 
and extrapolation to a new transition-metal or anion environment. Therefore, Uncertainty-aware Sampling is 
used to address this problem without a fixed training set. 

Atomistic Learning and Active Selection 

SchNet represents atoms as trainable embeddings and updates these embeddings via continuous filters 
generated by pairwise distances. Smooth radial construction avoids manual fingerprint selection and supports 
variable composition and cell size [16]. Equivariant models can use the angular information more directly later 
on, but the computational cost of repeated ensemble retraining may not be feasible. Deep ensemble remains a 
relatively good practical estimator for representing cognitive uncertainty, as networks with independent 
initialization exhibit inconsistency in unlabeled regions [17]. The heteroscedasticity head can also represent label 
noise, and after a distribution shift, the unregularized variance estimate may be overly confident. 

Active learning creates a closed-loop system for surrogates and expensive oracles. Uncertainty sampling is 
simple but may repeatedly select outliers; diversity sampling covers more ground but can ignore the decision 
boundary. Batch acquisition methods group the above signals using clustering, determinants or Pareto ranking 
[18]. For battery materials, the acquisition goal should also consider whether an uncertain candidate will change 
the final shortlist. At present, the work combines uncertainty, multi-property utility and latent diversity, and 
then calibrates the ensemble on a held-out stream after each round. This differs from using active learning only 
to minimize global formation-energy error. 



SchNet-AL: Data-Driven Atomistic Representation and Uncertainty-Calibrated Active Learning for Sodium-Ion Cathode Screening 
 https://doi.org/10.64972/dea.2023.v2i2.3619d:119-133 

 

121 
 

SchNet–Active Learning Framework 

Problem Definition and Data Representation 

Each candidate is shown with atomic numbers, Cartesian coordinates, lattice vectors, sodium occupancy and a 
structure-family tag. The candidate pool includes layered oxides, polyanionic compounds, Prussian-blue 
analogues and open-framework mixed-anion phases. The available labels include the formation energy of each 
atom, the average sodium extraction voltage, the theoretical capacity, and the diffusion barrier proxy obtained 
through standardized local bottleneck calculations. Duplicate structures are removed using composition-
reduced matching and a 0.12Å  site tolerance. Structures with unconverged electronic steps, forces above 
0.35eVA−1 after the prescribed relaxation, or inconsistent sodium counts are quarantined rather than silently 
discarded. 

To encode interatomic separation without discontinuous bins, the distance between atoms 𝑖𝑖 and 𝑗𝑗 is expanded 
through the following cutoff-modulated radial basis: 

𝑒𝑒𝑘𝑘�𝑑𝑑𝑖𝑖𝑖𝑖� = 𝑒𝑒𝑒𝑒𝑒𝑒 �−𝛽𝛽𝑘𝑘�𝑑𝑑𝑖𝑖𝑖𝑖 − 𝜇𝜇𝑘𝑘�
2� 𝑓𝑓cut �𝑑𝑑𝑖𝑖𝑖𝑖� Eq.(1) 

Using this smooth distance representation, one SchNet interaction block updates each atomic state according 
to 

𝒙𝒙𝑖𝑖
(𝑙𝑙+1) = 𝒙𝒙𝑖𝑖

(𝑙𝑙) + �  
𝑗𝑗∈𝒩𝒩𝑖𝑖

𝒙𝒙𝑗𝑗
(𝑙𝑙) ⊙𝑾𝑾(𝑙𝑙) �𝒆𝒆�𝑑𝑑𝑖𝑖𝑖𝑖�� Eq.(2) 

The learning problem is formulated as multi-output regression under pool-based active learning. At round 𝑡𝑡, the 
labeled set is used to train an ensemble, the remaining candidate pool is scored, and a selected batch is 
submitted to the first-principles oracle. The goal of optimization is not to minimize the mean squared error. The 
four coupled engineering constraints for the recovered candidates and the control of false-negative decisions 
near each threshold are sought by the framework. Figure 1 shows the entire workflow of structural 
normalization, integrated training, calibration acquisition, Oracle annotation, and multi-target candidate release. 

 
Figure 1. End-to-end SchNet-Active Learning workflow for sodium-ion cathode screening, including structure curation, ensemble learning, 

calibrated batch acquisition, first-principles labeling, and iterative release control. 

Continuous-Filter Representation and Objective 
A radial basis expansion converts each neighbor distance into a smooth vector, allowing the filter network to 
resolve short-range coordination and longer-range framework geometry. Three interaction blocks with a 5.5Å 
cutoff are employed. Validation experiments showed that a fourth interaction block reduced the prediction error 
by less than 1.2% but increased the ensemble retraining time by 29%. According to the physical properties of 
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the target nature, Atomwise contributions are summarized through intensity or breadth normalization. 
Composition descriptors and sodium occupancy are added after pooling, and the structure encoder remains 
transferable to other prediction tasks. 

After the final interaction block, the structure-level representation is obtained through the target-dependent 
pooling operation 

𝒛𝒛 = 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 ��𝒙𝒙𝑖𝑖
(𝐿𝐿)�

𝑖𝑖=1

𝑁𝑁
� Eq.(3) 

The predictive head outputs the mean and the aleatoric uncertainty of each target property. The weighted 
Gaussian negative log-likelihood function prevents large-scale target-dominated optimization and allows 
relatively noisy diffusion agents to have a wider prediction interval. Formation energy and voltage are given a 
relatively higher weight for errors because these errors can move a candidate directly to the thermodynamic-
stability or operating-voltage boundary. 

The four predictive heads are trained jointly by minimizing the weighted heteroscedastic objective 

ℒ = � 
𝑝𝑝

𝑤𝑤𝑝𝑝 �
�𝑦𝑦𝑝𝑝 − 𝜇𝜇𝑝𝑝�

2

2𝜎𝜎𝑝𝑝2
+

1
2
𝑙𝑙𝑙𝑙 𝜎𝜎𝑝𝑝2� Eq.(4) 

The theoretical capacity is also calculated analytically from the sodium stoichiometry and is used as a consistency 
target. A substantial difference between the analytical capacity and its learned counterpart is treated as a data-
quality warning rather than being removed through numerical averaging. 

For each target property 𝑝𝑝, epistemic uncertainty is estimated from the dispersion among 𝑀𝑀 independently 
initialized ensemble members: 

𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒,𝑝𝑝2 (𝒙𝒙) =
1

𝑀𝑀 − 1
�  
𝑀𝑀

𝑚𝑚=1

�𝜇𝜇𝑚𝑚,𝑝𝑝(𝒙𝒙) − 𝜇𝜇‾𝑝𝑝(𝒙𝒙)�2 Eq.(5) 

The calibrated total predictive uncertainty combines temperature-scaled epistemic dispersion with the average 
aleatoric variance: 

𝑢𝑢𝑝𝑝2(𝒙𝒙) = 𝑇𝑇𝑝𝑝2𝑢𝑢𝑒𝑒𝑒𝑒𝑒𝑒,𝑝𝑝2 (𝒙𝒙) +
1
𝑀𝑀
�  
𝑀𝑀

𝑚𝑚=1

𝜎𝜎𝑚𝑚,𝑝𝑝
2 (𝒙𝒙) Eq.(6) 

Here, 𝑇𝑇𝑝𝑝 is the calibration temperature for property 𝑝𝑝. The first term represents uncertainty arising from limited 
coverage of the labeled chemical space, whereas the second term captures irreducible noise or inconsistency in 
the corresponding property labels. 

Batch Acquisition and Stopping Logic 

Five independently initialized networks are used to quantify epistemic dispersion. Raw ensemble disagreement 
is recalibrated through temperature scaling on a chronological validation stream. The acquisition score is a 
boundary-aware utility combined with calibrated uncertainty and a diversity term derived from farthest-point 
distances in the pooled SchNet embedding. A soft penalty suppresses candidates with extremely high predicted 
decomposition energy or chemically invalid oxidation states. Batch selection is first carried out within each 
material family and then merged globally to avoid having the more numerous layered-oxide class consume the 
entire oracle budget. 

The calibrated uncertainty terms enter the boundary-aware acquisition function used to score each unlabeled 
candidate: 

𝐴𝐴(𝒙𝒙) = 𝑈𝑈𝑏𝑏𝑏𝑏𝑏𝑏(𝒙𝒙)� 
𝑝𝑝

𝛼𝛼𝑝𝑝𝑢𝑢𝑝𝑝(𝒙𝒙) + 𝜆𝜆𝑑𝑑𝐷𝐷(𝒙𝒙) − 𝜆𝜆𝑓𝑓𝑃𝑃𝑝𝑝ℎ𝑦𝑦𝑦𝑦(𝒙𝒙) Eq.(7) 

In this expression, 𝑈𝑈bnd (𝐱𝐱) emphasizes candidates capable of changing a feasibility decision, 𝛼𝛼𝑝𝑝  controls the 
contribution of property-specific uncertainty, 𝐷𝐷(𝐱𝐱)  encourages structural diversity, and 𝑃𝑃phys (𝐱𝐱)  penalizes 
physically implausible candidates. 

The diversity contribution is measured by the nearest selected-batch distance in the learned latent space: 
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𝐷𝐷(𝒙𝒙) = 𝑚𝑚𝑚𝑚𝑚𝑚
𝒙𝒙𝑗𝑗∈ℬ𝑡𝑡

 �𝒛𝒛(𝒙𝒙) − 𝒛𝒛�𝒙𝒙𝑗𝑗��2 Eq.(8) 
The active-learning loop terminates when three conditions are satisfied simultaneously. First, top- 𝑘𝑘 recall must 
change by less than one percentage point over two successive rounds. Second, the expected calibration error 
must fall below 0.04 for formation energy and voltage. Third, less than 8 per cent of the newly labelled structures 
are modified in feasibility status after oracle evaluation. This stopping condition limits the amount of 
computation by ensuring that the decision has reached a stable state and that further reduction in the global 
error will not improve the engineering shortlist. 

Physics-Constrained Screening Strategy 

Property Estimation and Feasibility 

Formation energy is referenced to competing phases under a consistent elemental chemical-potential 
convention. Thermodynamic screening begins with the formation energy per atom: 

𝐸𝐸𝑓𝑓 =
𝐸𝐸tot − ∑  𝑠𝑠  𝑛𝑛𝑠𝑠𝜇𝜇𝑠𝑠

∑  𝑠𝑠  𝑛𝑛𝑠𝑠
 Eq.(9) 

Here, 𝐸𝐸tot  is the calculated total energy of the candidate structure, 𝑛𝑛𝑠𝑠 is the number of atoms of species 𝑠𝑠, and 
𝜇𝜇𝑠𝑠 is the corresponding reference chemical potential. 

For two sodium contents 𝑥𝑥1 and 𝑥𝑥2 in the same host 𝐻𝐻, the average sodium-extraction voltage is evaluated from 
the reaction energy: 

𝑉𝑉‾ = −
𝐸𝐸�𝑁𝑁𝑁𝑁𝑥𝑥2𝐻𝐻� − 𝐸𝐸�𝑁𝑁𝑁𝑁𝑥𝑥1𝐻𝐻� − (𝑥𝑥2 − 𝑥𝑥1)𝐸𝐸(𝑁𝑁𝑁𝑁)

(𝑥𝑥2 − 𝑥𝑥1)𝐹𝐹
 Eq.(10) 

The capacity calculation uses the number of reversibly transferred sodium ions and the formula mass. The 
stoichiometric upper bound on reversible gravimetric capacity is calculated as 

𝐶𝐶𝑡𝑡ℎ =
(𝑥𝑥2 − 𝑥𝑥1)𝐹𝐹

3.6𝑀𝑀𝑟𝑟
 Eq.(11) 

where 𝐹𝐹 is the Faraday constant and 𝑀𝑀𝑟𝑟 is the molar mass of the active cathode material. 

A local environment model estimates the migration-barrier proxy using bottleneck radius, coordination change 
and ensemble-derived structure features. A typical sub-set is then subjected to nudged elastic-band calculations. 
These attributes are considered together, and a high theoretical capacity is not practical if the corresponding 
material is unstable or has poor sodium-transport properties. 

Instead of applying discontinuous cutoffs, each engineering constraint is represented by a smooth feasibility 
gate: 

𝑔𝑔𝑘𝑘(𝒙𝒙) = �1 + 𝑒𝑒𝑒𝑒𝑒𝑒 �
𝑞𝑞𝑘𝑘(𝒙𝒙) − 𝜏𝜏𝑘𝑘

𝑠𝑠𝑘𝑘
��
−1

 Eq.(12) 

Here, 𝑞𝑞𝑘𝑘(𝐱𝐱) denotes the predicted value of constraint 𝑘𝑘, 𝜏𝜏𝑘𝑘  is its engineering threshold, and 𝑠𝑠𝑘𝑘  controls the 
smoothness of the transition around that threshold. 

Assuming that the individual gates represent distinct screening requirements, their joint feasibility score is 
written as 

𝑃𝑃𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓(𝒙𝒙) = � 
𝑘𝑘

𝑔𝑔𝑘𝑘(𝒙𝒙) Eq.(13) 

Smooth-gating formulation retains the information of candidates near a screening boundary and prevents an 
abrupt decrease in ranking caused by surrogate uncertainty. The final utility rewards voltage and capacity in the 
desired operating region, penalizes hull distance and diffusion impedance, and adds a lower confidence bound 
so that uncertain but optimistic predictions are not automatically promoted. Figure 2 shows the property heads, 
uncertainty calibration, physical gates, Pareto ranking and final verification queue. 
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Figure 2. Physics-constrained multi-objective screening architecture with property heads, uncertainty calibration, smooth feasibility gates, 

Pareto ranking, risk control, and verification routing. 

Multi-Objective Ranking and Risk Control 

Candidates are first classified as feasible, near-boundary, and rejected. Nondominated Sorting is performed only 
after the uncertainty-adjusted feasibility has been determined. A variety of voltage-capacity trade-offs are 
retained along each Pareto front by a crowding term, and a chemistry quota reserves at least 15% of the 
verification queue for each underrepresented material family. The risk score is defined as the probability that a 
candidate violates one or more hard release constraints under the calibrated joint predictive distribution. 

Release risk and uncertainty-adjusted Pareto value are coupled through the decision score: 

𝑅𝑅(𝒙𝒙) = 1 − 𝑃𝑃��  
𝑘𝑘

 𝑞𝑞𝑘𝑘(𝒙𝒙) ≤ 𝜏𝜏𝑘𝑘�

𝑆𝑆(𝒙𝒙) = 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸(𝒙𝒙)[1 − 𝑅𝑅(𝒙𝒙)]
 Eq.(14) 

A candidate is released for detailed verification when its risk score is below 0.20 or its expected hypervolume 
improvement exceeds the predefined exploration threshold. The latter condition deliberately admits a limited 
number of uncertain candidates with potentially substantial multi-objective value. 

Screening provenance records the model version, acquisition round, training-set hash, calibrated predictive 
intervals, gating outcome, and selection reason. This information makes the released shortlist reproducible even 
after the oracle data stream has been expanded. 

Computational Implementation 

SchNet models are optimised by AdamW and a cosine learning rate schedule. Each model has 128-dimensional 
atom embeddings, 64 radial basis functions and three continuous-filter interaction blocks. Training uses mini-
batches of 32 samples. Early stopping is used with a patience of 25 epochs, and the ensemble members are 
trained on independently bootstrap-resampled labelled sets. 

Group data partitions by reduced composition to restrict structural leakage between the training and validation 
sets. All uncertainty indicators are based on candidates that were unavailable during temperature fitting. 
Provided deterministic random seeds for data partitioning, network initialization, bootstrapping, batch fetching, 
and score tie-breaking. 
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Oracle expenditure is measured in normalized node-hours, with the median structure relaxation defined as one 
computational unit. Ensemble retraining, latent-embedding extraction, uncertainty calibration, and acquisition 
scoring are included in the reported computational cost rather than treated as free operations. 

The trained SchNet representations are cached between acquisition rounds. During the initial warm-start stage, 
each ensemble member is updated using the newly labeled structures and a 20% replay sample from the existing 
labeled set. Full convergence is subsequently performed before the candidate pool is rescored. This 
implementation balances the needs of statistically different ensemble members with the repeated computation 
demands of high-throughput active learning. 

Experimental Evaluation and Analysis 

Experimental Configuration and Learning Efficiency 

The candidate pool comprised 18,240 structures after deduplication: 7,460 layered oxides, 4,180 polyanionic 
phases, 2,940 Prussian-blue analogues, and 3,660 mixed-anion or open-framework structures. The initial labeled 
set contained 1,200 structures balanced across these families. Five rounds each added 300 oracle labels, 
producing a final training set of 2,700. A composition-grouped test set of 1,800 structures was never eligible for 
acquisition. Baselines included random selection, maximum ensemble variance, latent farthest-point sampling, 
and a static SchNet trained on the final random budget. All methods used identical network capacity and 
optimization limits. 

Learning behavior is summarized in Figure 3: Figure 3(a) shows that the proposed method lowered formation-
energy mean absolute error from 92 to 31 meV atom−1 as labels increased from 1,200 to 2,700, compared with 
47 meV atom−1 for random selection; Figure 3(b) reports voltage error falling from 0.284 to 0.118 V, while pure 
uncertainty sampling ended at 0.137 V; and Figure 3(c) shows top-60 recall rising to 86.7%, 15.0 percentage 
points above random acquisition. Error bars over five seeds narrowed after round three, indicating that the 
diversity term reduced batch sensitivity. Random acquisition needed approximately 4,350 labels to interpolate 
to the 31 meV atom−1 target, corresponding to 61% more labels than the proposed policy. 

 
Figure 3. Label efficiency across five acquisition rounds: (a) formation-energy error versus labeled structures; (b) voltage error versus 

labeled structures; (c) top-60 candidate recall with seed variability. 
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According to the above interval-based assessment of predictive uncertainty [19], calibration was performed at 
a nominal coverage of 90 per cent. Before temperature correction, the energy coverage was 78.4% and the 
voltage coverage was 81.1%; therefore, it was considered overconfident. After calibration, the coverage reached 
89.2% and 90.6% without changing the point predictions; at the same time, the expected calibration error 
decreased from 0.091 to 0.027 for energy and from 0.076 to 0.024 for voltage. Deep-ensemble disagreement 
was more informative than a single-network dropout estimate, especially for vanadium-free polyanionic 
structures that were rare in the seed set [20]. The calibrated acquisition policy thus selected 38% near-boundary 
candidates, 44% high-uncertainty candidates with positive utility, and 18% diversity anchors. 

The budget advantage was not obtained by repeatedly sampling pathological structures. The maximum-variance 
baseline devoted more queries to calculation failures: failed oracle calculations accounted for 7.1% of its 
acquisitions, compared with 3.8% under the proposed policy. This result reflects a recognized weakness of 
unqualified uncertainty sampling, which can prioritize anomalous or weakly supported inputs rather than 
decision-relevant candidates [21]. The feasibility penalty rejected most structures with implausible oxidation 
balance before acquisition, while the family quota retained exploration. Median acquisition-scoring time was 
11.4 minutes for the full unlabeled pool on one graphics processor, and ensemble retraining declined from 6.8 
to 4.9 hours per round after warm-start caching. 

Screening Accuracy, Generalization, and Ablation 
Figure 4 examines ranking and transfer: Figure 4(a) plots predicted against first-principles voltage for 1,800 held-
out structures, with a slope of 0.97, an intercept of 0.08 V, and only 4.6% of points outside the calibrated 90% 
band; Figure 4(b) reports family-wise energy errors of 27, 34, 38, and 36 meV atom−1 for layered, polyanionic, 
Prussian-blue, and mixed-anion groups. The larger error for Prussian-blue analogues reflects vacancy and 
hydration variability, but remained below the 45 meV atom−1 screening tolerance. A leave-one-transition-
metal-out test increased error to 58 meV atom−1, showing that the model extrapolates imperfectly when local 
redox environments are absent. 

 
Figure 4. Predictive accuracy and chemistry transfer: (a) predicted versus first-principles voltage with calibrated confidence band; (b) 

family-wise formation-energy error and screening tolerance. 
 

Ablation experiments separated the contribution of each design choice. Replacing the ensemble with a single 
heteroscedastic network reduced training cost by 63% but increased expected calibration error to 0.068. 
Removing latent diversity reduced top-60 recall from 86.7% to 79.8% and concentrated 71% of one batch in 
layered oxides, whereas removing boundary-aware utility preserved global energy error at 32 meV atom−1 but 
lowered feasible-candidate recall to 76.4%. Without calibration, the released shortlist contained 11 false-
feasible structures, compared with five under the full model. The contrast supports the combined treatment of 
epistemic and aleatoric uncertainty advocated for decision-facing materials models [22]. 

Figure 5 provides a more detailed diagnostic: Figure 5(a) shows the calibration curve approaching the diagonal 
after scaling, with a maximum coverage deviation of 2.8%; Figure 5(b) maps latent-space density and 
demonstrates that acquired candidates occupy both sparse boundaries and dense decision regions; Figure 5(c) 
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presents an error distribution whose median absolute energy error is 19 meV atom−1 and 95th percentile is 84 
meV atom−1; and Figure 5(d) gives acquisition composition across rounds, where the minority mixed-anion 
share grows from 14% to 23%. The single heat map is limited to Figure 5(b), while the remaining panels use 
reliability, distribution, and stacked-area encodings. 

 
Figure 5. Uncertainty and acquisition diagnostics: (a) reliability curves before and after calibration; (b) latent-density heat map with 

acquired candidates; (c) absolute-error distribution with percentile markers; (d) acquisition-family composition by round. 
 

Because reproducible materials-data studies identify source provenance as a prerequisite for interpreting model 
uncertainty [23], the perturbation tests retained source identifiers alongside every label. Adding zero-mean 
energy noise with a 20 meV atom−1 standard deviation increased point error by 4 meV atom−1 but widened 
predicted aleatoric intervals by 17%, preserving 88.5% coverage. A systematic 0.10 V shift in one data source 
was detected through source-conditioned residuals; removing the source identifiers caused the shift to 
propagate into the shortlist. 

Candidate Quality and Computational Impact 
The full pool was screened with thresholds of hull distance below 45 meV atom−1, voltage from 2.8 to 4.1 V, 
capacity above 120 mAh g−1, and diffusion proxy below 0.55 eV. The mean predictions produced 73 apparently 
feasible candidates; uncertainty-adjusted gating reduced this set to 47. Subsequent first-principles verification 
confirmed 42, giving a precision of 89.4%. Among the 13 false negatives in retrospective analysis, nine lay within 
6 meV atom−1 or 0.04 V of a boundary, demonstrating that remaining errors were concentrated near 
operational cutoffs rather than scattered across the design space. 

Figure 6 relates electrochemical merit to structural risk: Figure 6(a) displays a voltage–capacity Pareto front 
containing 47 released candidates and marks 12 high-hypervolume points; Figure 6(b) shows hull-distance 
distributions with medians of 22, 31, 27, and 35 meV atom−1 across the four families; and Figure 6(c) summarizes 
normalized P10–P90 ranges, interquartile ranges, and medians for all 47 released candidates against the 19 
candidates that simultaneously exceed 150 mAh g−1 and remain below a 0.45 eV diffusion proxy. The selected 
subgroup shifts the normalized capacity median from 0.53 to 0.71 and the diffusion-proxy median from 0.48 to 
0.27, while preserving a broad voltage interval. Layered oxides dominate the upper-voltage edge, whereas 
polyanionic structures occupy a lower-capacity but lower-risk region. Mixed-anion frameworks contribute five 
of the twelve high-hypervolume candidates, validating the exploration quota. 
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Figure 6. Multi-objective candidate quality: (a) voltage–capacity Pareto landscape; (b) hull-distance distributions by chemistry family; (c) 

normalized percentile intervals for all released candidates and the high-capacity/low-diffusion subgroup. 
 

The candidate list should be regarded as a computational priority queue, rather than a proof of synthetic 
capability. Static volume calculations neglect disorder at finite temperatures, electrolyte compatibility, surface 
reconstruction, and kinetic trapping; it is known that these omissions alter the actual behavior of sodium-ion 
cathodes [24]. Thus, the uncertainty-aware gate does not present a point estimate as a binary experimental fact. 
The five false-feasible candidates had risk scores between 0.14 and 0.19, and they were kept because their 
expected hypervolume improvement was relatively high. A controlled exception will not lower the threshold 
silently based on the result. 

Computational demand is reported in Figure 7: Figure 7(a) shows cumulative normalized node-hours of 3.1 
million for exhaustive evaluation, 0.54 million for random-surrogate screening, and 0.37 million for the proposed 
workflow; Figure 7(b) compares the component costs directly, with 0.304 million node-hours for oracle 
calculations, 0.046 million for ensemble training, 0.0115 million for acquisition scoring, and 0.0089 million for 
data handling; and Figure 7(c) shows that verified discoveries per 100,000 node-hours increased from 1.9 in 
round one to 6.8 in round four before stabilizing at 6.5, with seed-range whiskers remaining inside the 0–8 
plotting interval. The point annotations identify 3, 7, 11, 13, and 12 verified candidates across the five rounds. 
The projected 8.4-fold speedup includes all active-learning overhead and is therefore smaller, but more credible, 
than a comparison based only on surrogate inference. 
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Figure 7. Computational impact: (a) cumulative normalized node-hours by screening strategy; (b) horizontal component-cost comparison; 

(c) verified discoveries per 100,000 node-hours with seed-range whiskers and verified-count annotations. 
 

Sensitivity analysis varied the oracle batch size from 100 to 600. Batches of 100 produced slightly higher final 
recall, 88.1%, but required fifteen retraining cycles and 31% more training time. Batches of 600 reduced 
overhead but lowered recall to 82.3% because each decision used a stale model, whereas a batch of 300 
provided the best node-hour-adjusted recall. The family-quota test was evaluated separately because diversity-
oriented materials searches may accept a small reduction in aggregate recall to preserve chemical novelty [25]. 
Increasing the quota from 15% to 25% improved mixed-anion recall by 4.2 points while lowering overall recall 
by 1.1 points. 

Comparison with static screening further clarifies the engineering benefit. A static model trained on 2,700 
random labels selected 55 mean-feasible candidates but verified only 39, yielding 70.9% precision. Its errors 
were most pronounced near the voltage upper bound and in vacancy-rich Prussian-blue structures. Active 
selection instead placed 41% of new labels within one calibrated standard deviation of a feasibility surface, an 
allocation consistent with decision-focused sampling for rare-candidate discovery [26]. The final surrogate 
therefore learned the regions that controlled release decisions rather than minimizing error uniformly over the 
pool. 

The sensitivity of active learning to missing structural families in the seed data has been documented previously 
[27]. Accordingly, robustness was assessed across five initialization seeds, three initial-set draws, and a reduced 
seed containing only 600 structures. The standard deviation of top-60 recall was 1.8 percentage points for the 
proposed policy, compared with 4.9 for pure uncertainty sampling, and candidate overlap between independent 
runs reached a Jaccard index of 0.81 after the fifth round. Under the reduced seed, early calibration deteriorated 
and two additional rounds were required to reach 80% recall. 

The 47 released structures include 18 layered oxides, 12 polyanionic phases, six Prussian-blue analogues, and 
11 mixed-anion frameworks. Their predicted voltages span 2.86–4.06 V, capacities span 123–188 mAh g−1, and 
diffusion proxies span 0.29–0.54 eV. No single chemistry dominates every objective. Retaining a Pareto portfolio, 
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rather than imposing one uncertain preference weight, preserves candidates with distinct engineering 
advantages [28] and provides a more useful basis for subsequent synthesis planning. 

Threshold perturbation was employed to determine whether the reported short list was sensitive to a single 
convenient operating point. Tighten the hull limit from 45 to 35 meV atom⁻¹; the released set dropped from 47 
to 34, and the verified precision increased from 89.4% to 94.1%, but four mixed-anion candidates with attractive 
transport predictions were excluded. Raising the capacity floor from 120 to 140 mAh g⁻¹ added 29 candidates 
and shifted the portfolio towards layered oxides. On the other hand, changing the voltage interval by ±0.10 V 
only changed five memberships because the calibration uncertainty had already reduced the boundary cases. 
Therefore, the continuous gates generated gradual and interpretable portfolio changes rather than sudden rank 
inversions. 

The diffusion proxy was excluded from the validation set as it lacked a direct label. Nudged Elastic Band 
calculations were performed retrospectively for 120 candidates across all families and the entire predicted range. 
The proxy had a Spearman correlation of 0.79 with the calculated barrier and a mean absolute deviation of 0.073 
eV. The errors were relatively large for cooperative migration in vacancy-rich channels because a local bottleneck 
cannot achieve long-range ordering. Replacing the proxy threshold with the verified barrier for this subset 
changed six feasibility decisions. Therefore, it will be used for economical triage, and transport verification will 
still need to be carried out before the experiment. 

Screening quality was also measured as a function of shortlist size. For top-20, top-40, top-60, and top-100 
queues, retrospective recall was 90.0%, 87.5%, 86.7%, and 84.0%, respectively. Precision declined from 95.0% 
at top-20 to 82.0% at top-100 as the queue entered a region with closer property trade-offs. The selected top-
60 operating point balanced laboratory throughput against the probability of missing an attractive candidate. A 
laboratory with capacity for only twenty follow-up calculations could use the same recorded Pareto order 
without retraining the model, whereas a broader exploratory program could retain the near-boundary tier. 

The active-learning trajectory showed which local environments were initially lacking. Early uncertainty was 
highest for mixed transition-metal octahedra, fluorinated polyanion groups and partially occupied sodium 
channels. After the second round, the residual variance of the common layered-oxide motif decreased 
significantly, and acquisition switched to cross-family coordination patterns. The nearest neighbor analysis in 
the embedding space shows that the median distance from the release candidates to the initial set is 1.42, and 
the distance to the final labeled set is 0.31; both are normalized units. The reduction shows a concentrated 
expansion of the range; it is not a reduction in redundant samples. 

The last audit has traced every released prediction back to its structure file, model ensemble and calibration 
parameters, etc. Re-running the pipeline with the recorded hashes reproduced all 47 selections and their order. 
The two candidates had adjacent Pareto ranks under a different graphics processor due to floating-point errors, 
but the released set remained the same. This audit trail meets the reproducibility requirements proposed for 
accountable learning-material workflows [29]. 

Conclusion 
This study has developed a SchNet–Active Learning framework for accelerated screening of sodium-ion battery 
cathode materials. Continuous-filter atomistic representations were combined with calibrated ensemble 
uncertainty, diversity-aware batch acquisition, smooth physical feasibility gates and multi-objective Pareto 
ranking. The framework views costly first-principles calculations as a scarce resource and keeps an explicit record 
of which candidate structures led to which release decisions. Its assessment included prediction accuracy, 
uncertainty reliability, chemistry transfer, shortlist recovery and full computational cost. 

The existing framework is still limited in accuracy and range of the computational oracle. Finite-temperature 
transformations, electrolyte reactions, synthesis accessibility, particle-scale transport and long-cycle 
degradation are not addressed by the selected labels. Extrapolation to unseen redox chemistries is also relatively 
unreliable compared with interpolation within the represented family, and an ensemble increases training cost 
relative to a single surrogate. The released shortlist will thus guide higher-fidelity calculations and experiments 
rather than replacing them. 
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Future work will combine equivariant representations, reaction-aware stability models, and multi-fidelity labels 
from rapid computations, precise quantum methods, and targeted experiments. Closed-loop synthesis feedback 
can adjust both the feasibility threshold and uncertainty calibration based on measurements. Expand the scope 
of the acquisition objective to include lifecycle cost, elemental criticality and interfacial compatibility, thereby 
creating an all-encompassing decision platform for green Sodium-ion battery design. 
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